The effect of nonlinear elastic pre-stress on antiplane elastic wave propagation in a two-dimensional periodic structure is investigated. The medium consists of cylindrical annuli embedded on a periodic square lattice in a uniform host material. An identical inhomogeneous deformation is imposed in each annulus and the theory of small-on-large is used to find the incremental wave equation governing subsequent small-amplitude antiplane waves. The plane-wave-expansion method is employed in order to determine the permissable eigenfrequencies. It is found that pre-stress significantly affects the band-gap structure for Mooney-Rivlin and Fung type materials, allowing stop bands to be switched on and off. However, it is also shown that for a specific class of materials, their phononic properties remain invariant under nonlinear deformation, permitting some rather interesting behaviour and leading to the possibility of phononic cloaks.
Introduction
Complex materials are at the heart of modern-day engineering and technology. A vast number of such media possess an intricate microstructure that offers macroscopic behaviour that is not present in naturally occurring materials. In the field of acoustics and elastodynamics, phononic media and metamaterials present a wide array of opportunities for supporting and directing a multitude of wave types [1, 2] . The ability to design these materials for a variety of wave filtering, focusing and directivity applications is greatly advantageous. In particular, it is desirable to create macroscopic properties that can be tuned in real time (so called configurable or re-configurable phononic media), rather than the medium having fixed dynamic properties from the outset. Predicting how the microstructure affects the macroscopic response on a static and dynamic level is pivotal to such design and control of these materials.
Employing inhomogeneous media in order to allow or restrict wave propagation has been discussed by numerous authors over the last century. The analysis of band gap formation in periodic elastic and acoustic media took off in earnest in the early 1990s, see e.g. [3, 4, 5, 6] and the excellent recent review paper [7] for a broader literature review. Early work in tuning the acoustic response of such media focused on modifying band structures by rotating cylinders [8, 9, 10] . Others have utilised the tunability of a phononic crystal to create wave guides [11, 12, 13] . These latter works, however, generally rely on tuning the material at the design and construction phase, rather than allowing real-time tuning post-construction. This applies similarly to the work in photonics by e.g. Zhang et al. [14] , which described how photonic band gaps could be enlarged by the use of a small volume fraction of a third material phase. In these situations, once manufactured, the medium has a fixed dynamic range.
As a method of performing external control over a crystal, several research groups have considered the influence of magnetic or electric fields [15, 16] . In [17] , an electric field is used to deform annular cylinders which are embeded in air. The use of piezoelectric materials has also been studied [18, 19, 20] and similarly, electro-rheological materials have recently been utilised [21] . Temperature control has been suggested as a mechanism for tuning [22, 23] although typically the temperature effect on elastic properties is so small that control is only achievable through a phase transition. This mechanism provides the advantage of offering a phononic switch in such materials. Mechanical mechanisms to create photonic switches have also recently been considered, see e.g. [24, 25] .
The effect of a nonlinear pre-stress on elastic wave propagation has been studied previously in one dimension [26, 27] . In [27] the stop and pass band structure was investigated and it was shown that the band structure can be manipulated effectively using pre-stress. Similar work was carried out in which an electric bias was studied as a mechanism for controlling the deformation in layered composites [28] . Another example in one dimension is the extension of an inhomogeneous beam [29] , in which the manipulation and annihilation of stop bands is studied. An experimental investigation into one-dimensional structures was carried out in [30] . By making use of numerical simulations, via the finite-element method, the mechanical tunability of three-dimensional structures has also recently been studied [31] . Finally, the effect of microstructural buckling of an elastic material was the focus of investigation in [32] and [33] .
The objective of this article is to introduce a new mechanism for tuning band-gaps in the context of horizontally polarised shear (SH or antiplane) elastic waves, enabling the design of reversible phononic switches and configurable phononic media via a novel material geometry. The phononic medium studied is a two-dimensional periodic array of incompressible nonlinear elastic annular cylinders embedded in a homogeneous elastic host as depicted in figure 1 . SH waves are polarised along the axes of the cylinders and propagate in the plane orthogonal to these axes. As shall be described in Section 2, the annular regions are pre-stressed whilst the host medium remains stress free. The influence of this pre-stress on linear wave propagation through the two-dimensional medium is then studied by first deriving the governing wave equation via application of the theory of small-on-large. In Section 3 the plane-wave-expansion (PWE) method is employed (in modified form) and extended in order to take into account the fact that the waves are propagating through a pre-stressed structure where the incremental moduli are strongly inhomogeneous. This method determines the associated dispersion curves very efficiently. In Section 4 the effect of the pre-stress on the structure is determined. Some concepts associated with phononic invariance are introduced including phononic equivalence and phononic cloaks. The possibility of phononic switching is then investigated for a variety of choices of strain energy function in the annulus phase. This new approach also permits the study of inhomogeneous deformation over and above changes in material geometry alone. Concluding remarks are offered in Section 5.
The restriction to the prescribed deformation, and to SH waves, is for clarity of exposition, focusing on the effect of the nonlinear pre-stress on wave propagation and the development of the new plane-wave-expansion technique. It also enables rather interesting results to be derived associated with invariance of phononic properties to pre-stress. More complex deformations and structures, as well as the full two-dimensional in-plane coupled compressional and shear wave problem will be described elsewhere.
Cylinder inflation and the incremental wave equation
In this section the geometry and properties of the medium are first described together with the initial deformation and the incremental wave equation governing superposed antiplane waves inside the material. As illustrated in figure 1(c) the medium consists of a two-dimensional square array (with period ) of nonlinear elastic annular cylinders each with initial inner and outer radii R 0 and R 1 respectively, density ρ 1 and linear elastic shear moduli µ 1 embedded inside a homogeneous elastic host medium of density ρ 0 and linear elastic shear modulus µ 0 . The unit cell is depicted in its stress-free state in figure 1(a). Each cylindrical annulus can in principal be pre-stressed independently but, in order to maintain periodicity, all are assumed to be subject to the same deformation. The latter consists of an inflation (leading to an inhomogeneous radial deformation) and extension along its axis such that, crucially here, the outer radius of the cylinder remains unchanged, r 1 = R 1 . This results in a deformed configuration as depicted in figure 1(b) . The host medium may be linear or nonlinear elastic. Since it is not subject to initial deformation this is irrelevant in the context of the problem studied here.
In order to determine the manner by which small amplitude waves propagate in the pre-stressed solid, the theory of small-on-large is employed. The majority of the technical details will be omitted here but can be found elsewhere, e.g. in [34] and [35] . In essence, the theory is based on a linearisation about the pre-stressed state, determining the equations that govern incremental waves in a body that has exhibited a finite static deformation.
It is assumed that the interior of each annular cylinder is filled with an inviscid gas such that no shear waves can propagate inside this cavity. This means that the SH waves are subject to traction-free conditions on the cavity boundary since no antiplane traction is imposed by the pre-stress. The precise deformation used in this paper was previously utilised for generating infinite [36] and finite [37] hyperelastic cloaks.
Although the deformation studied here may be considered as somewhat idealised, it exhibits similar features to other deformation states associated with more complex geometries. Furthermore, since the deformation can be defined in simple mathematical (analytical) form, the incremental moduli that arise in the governing wave equation can be written explicitly. This makes the modified application of the plane-wave-expansion method described in Section 3 more straightforward in this initial step. More complex lattice geometries could also be studied if one wished to incorporate additional tuneable characteristics such as material anisotropy or multi-phase microstructure.
Initial deformation
The initial deformation of the annular region is the same as that used in [37, 38] . The equations of nonlinear elasticity are considered with boundary conditions imposed on the inner and outer faces of the annulus and an imposed axial stretch. Body forces are neglected.
Using a cylindrical polar coordinate system with its origin at the centre of a cell, referred to as the fundamental periodic cell, consider an inflation of the cylinder due to an imposed pressure, p 0 , acting on its inner surface, accompanied by an axial stretch ζ. The external face of the annulus is traction free. The deformation that ensues is written formally as
for some function R(r) to be determined. The usual convention is followed, using upper (lower) case variables for the reference (deformed) configuration. The principal stretches in the directions r, θ and z respectively are given by
where the prime denotes differentiation with respect to the argument. The inner radius is permitted to change whilst the outer radius is fixed at R 1 by choosing ζ appropriately for the imposed pressure, i.e.
The second of (3) together with incompressibility (λ r λ θ λ z = 1) gives
where M = (1/ζ − 1)R 2 1 . One can either choose ζ and use (4) to find r 0 , or choose r 0 and rearrange (4) to find ζ. The radial Cauchy stress induced in the annular cylinders by the initial deformation can be determined by integrating the radial equation of equilibrium so that [39] 
where W is the strain energy of the hyperelastic cylinder and T rr (r 0 ) = −p 0 has been imposed on the inner surface. It is further stressed also that T rr = 0 on r = r 1 .
The aim now is to understand the influence that this deformation (within each annular cylinder) has on small-amplitude SH-wave propagation through the structure. It should be noted that the tractions required to apply the desired change in inner radius described above are taken to act only on the annular region and are maintained whilst the waves propagate. By ensuring that the outer radius remains fixed, no force is applied to the host phase and therefore it remains undeformed. One can consider a number of mechanisms to ensure that this deformation is possible in practice, including the consideration that the interface between the annulus and host allows sliding on a long timescale corresponding to the application of the finite deformation, whilst not permitting sliding on the short timescale associated with the small-amplitude linear elastic waves.
Incremental wave equation
Assume time-harmonic motion of the form exp(−iωt) where ω is the angular frequency of the wave. As with the initial deformation, the incremental wave equation in the periodic cell can be described effectively by using the polar coordinate system. However, when looking for global solutions, a slightly different approach is required as shall be seen shortly.
The theory of small-on-large can be employed to find the wave equation in the deformed annular region of the fundamental periodic cell. This theory is essentially a linearisation about deformed state, describing small-amplitude waves in the pre-stressed medium. The equation governing incremental antiplane waves polarized in the z direction, with displacements w = w(r, θ) is given by [36, 37, 38] 1 r ∂ ∂r
(
rµ r (r) ∂w ∂r
where ρ = ρ 1 is the constant mass density in the annulus r 0 < r < r 1 . Note that since the material is incompressible the density of the annulus is unaffected by the pre-stress. As the limit of no deformation is approached, the equation above reduces to the usual linear wave equation.
The incremental shear moduli µ r (r) and µ θ (r) are dependent on the specific form of strain energy function, W (λ r , λ θ , λ z ), that is used to model the nonlinear elastic response of the annular cylinders, and their general forms can be written down as [35, 38] 
Note that the shear moduli in the pre-stressed annular cylinders are inhomogeneous and exhibit cylindrical anisotropy due to the imposed deformation and induced stress fields. When there is no pre-stress µ r = µ θ = µ 1 . Because the host medium remains stress free, the shear moduli in this region are isotropic and homogeneous. The governing wave equation in the host, r > r 0 , is then given by (6) with µ r = µ θ = µ 0 and ρ = ρ 0 . The region inside the annular cylinder is occupied by an inviscid fluid at constant pressure and hence no shear waves can propagate in this region. As described above, the incremental equation (6) applies on the fundamental periodic cell, i.e. to each annular cylinder with its centre as the origin of a local cylindrical polar coordinate system. However, solving this equation globally for the wave and imposing appropriate periodicity conditions with respect to polar coordinates would be rather awkward, if not impossible. So, planar Cartesian coordinates x, y are introduced related to the polar coordinates in the usual manner, x = r cos θ, y = r sin θ and the notation x = (x, y) is employed: the medium is periodic with respect to x. It is therefore useful to re-write the incremental equation on the unit cell with respect to these Cartesian coordinates when the plane-wave-expansion method is introduced in Section 3. Before this explicit forms for the incremental moduli are derived for two popular strain energy functions for nonlinear materials.
Strain energy functions 2.3.1. The Mooney-Rivlin strain energy function
For an incompressible Mooney-Rivlin material, the strain energy function is given by
where S 1 ∈ [0, 1] is an empirically determined material constant. A neoHookean material corresponds to taking S 1 = 1. The Mooney-Rivlin model is typically used to describe rubber-like materials and is said to be more realistic than the neo-Hookean model at large deformations. It has been shown that for a Mooney-Rivlin material, the shear moduli in the annular region, µ r (r) and µ θ (r), are given by [39] 
with j = r, θ where f r (r) = r 2 , f θ (r) = −(r 2 + M ) and the parameters m and T are defined as
In the case of a neo-Hookean solid (S 1 = 1) with specific material properties, a perfect (in principal) finite cloak can be theoretically observed using the deformation described in Section 2.1, provided µ 1 = ζµ 0 and ρ 1 = ζρ 0 [37] . This implies that the scattering behaviour in the deformed state is identical to the stress-free case. The notion is employed to give rise to two effects in Sections 4.1 and 4.2 associated with the invariance of the phononic response to pre-stress.
The Fung strain energy function
Since the Mooney-Rivlin strain energy function is essentially an extension of the Neo-Hookean, an alternative strain energy function is studied in order to assess its influence on the tunability of band gaps. The chosen form is a simplified version of the Fung strain energy function given by [40] 
where
. This strain energy function is often used to model soft biological tissues.
The incremental shear moduli in the annular region for this case are
with j = r, θ, where α r = 1/ζ, α θ = ζ. As shall be seen, significant differences in incremental moduli arise due to the choice of strain energy function, a detail that manifests itself in a strongly modified material response to incremental waves.
Plane-wave-expansion (PWE) method
The plane-wave-expansion method has been found to be a highly efficient technique to derive the band-gap structure of periodic media [5] . In general however this method is applied to materials where each phase is homogeneous and therefore the coefficients appearing in the governing equations are usually simply piecewise-constant. Here the method is adapted to the case where material properties are permitted to be inhomogeneous within phases. Furthermore, it is noted that although polar coordinates are a natural representation for the geometry of the cylindrical annuli and imposition of boundary conditions, the PWE naturally accounts for any jumps in material properties and therefore what is important is to impose periodicity, which in this case is in the x and y directions. As such transformation of the incremental equation to Cartesian coordinates is necessary.
The PWE scheme represents the displacement as a sum of plane waves modulated by a Bloch phase term in order to ensure quasi-periodicity of the propagating wave. In doing this, a matrix eigenvalue problem is obtained for the permitted frequencies of a given Bloch wavenumber. In the present case, the displacement w(x) in (6) is written as
where K is the Bloch wavevector, G are the reciprocal lattice vectors and W [G] are the Fourier coefficients of the displacement. The sum in (12) is over all possible reciprocal lattice vectors, which for a square lattice of period , are given by
where e x and e y are unit vectors in the x and y directions and m and n span the integers. The sum in equation (12) is a double sum over both m and n.
Since periodicity is with respect to Cartesian coordinates, in order to proceed with the implementation of the PWE, equation (6) where σ zx = C zxzx ∂w/∂x + C zxzy ∂w/∂y, σ zy = C zyzx ∂w/∂x + C zyzy ∂w/∂y and
These can now be written in the form of Fourier series:
where A = 2 is the area of the periodic cell. Employing these in (15) it is easily shown that ∑
noting that K = K x e x + K y e y , G = G x e x + G y e y and ρ has also been written in Fourier series form with Fourier coefficients R [G] . The exponential term is separated from the sum over G. Since this equation must be true for any x, it must be the case that for every G the sum over G must be zero, i.e.
This is now seen to be in the form of a generalised eigenvalue problem and will give the full dispersion relation associated with the medium. It is conventional to scan around the outside of the irreducible Brillouin zone and pick out the lowest frequency modes [6, 41] .
Results
When presenting results associated with dispersion relations, the band diagrams will be plotted in the usual manner. That is, the frequency of each mode is determined whilst scanning the wavenumber around the edge of the irreducible Brillouin zone, as described in [2] . Following convention, the three points defining this boundary are denoted Γ (K = 0i + 0j), X (K = 0.5i + 0j) and M (K = 0.5i + 0.5j).
Throughout the results section, the shear modulus and density are nondimensionalised on those of the host material and the wavenumbers on the lattice period , i.e.
The nondimensional frequency therefore becomeŝ
where c 0 = √ µ 0 /ρ 0 is the shear wave speed in the host material (and unstressed annulus due to the choice of properties above). Through nondimensionalising the spatial variable on the period, ,
the unit cell is mapped to the region −1/2 <x < 1/2 and −1/2 <ŷ < 1/2. The outer radius of the pre-stressed region remains fixed at R 1 = r 1 = 0.45. This value was chosen since it is large enough to give a sizeable pre-stressed region, but not too large so the pre-stressed region is close to the outer edge of the unit cell. Although it is possible to study the latter case as r 1 gets closer to 0.5 a significant increase in the number of terms in the PWE is required. Since this is not the main focus of the study it is avoided here. For all calculations, the maximum plane wave number is taken at 10 (corresponding to 441 plane waves) which has been established to give sufficiently accurate results. The percentage error in the method is estimated by taking a large number of plane waves and is typically below 0.05%.
The determination of analytical results and equivalence properties associated with the neo-Hookean medium in particular allows two interesting observations to be made before the notion of configurable band-gaps are considered.
Equivalent phononic response
It has already been noted that if the annular regions are chosen to be neo-Hookean with material properties related to the host via µ 1 = ζµ 0 and ρ 1 = ζρ 0 , the scattering properties of the deformed medium with deformed inner annular radii r 0 are equivalent to those of an undeformed medium with uniform properties µ 0 and ρ 0 and inner annular radii R 0 ; this property has been exploited in the study of elastodynamic cloaking for SH waves by choosing R 0 to be small and r 0 R 0 [37] . These two materials are phononically equivalent, as illustrated in figure 2 . Thus, the material could have quite distinct geometrical characteristics but its phononic behaviour would be equivalent. In particular, it is noted that this effect would permit a wide range of periodic materials, each medium having different cavity radii but identical phononic response.
This effect is exemplified in figure 3 . The equivalence is illustrated in 3(a), taking a medium with R 0 = 0.1, the dispersion curves associated with the unstressed scenario where the host medium is uniform (having properties µ 0 and ρ 0 ) is plotted as solid lines and the pre-stressed neo-Hookean case (with annular properties µ 1 = ζµ 0 and ρ 1 = ζρ 0 ) is indicated with circles. The Mooney-Rivlin case with S 1 = 0.6 is also shown to illustrate the effect that the strain energy function has on the invariance of the band structure. This reveals that we must be careful about the choice of constitutive material. In figure 3 (b) a material with a band gap present (with R 0 = 0.35) is compared to an invariant material where no band gap is present, even though the deformed inner radius is also r 0 = 0.35.
A phononic cloak
Suppose that for some application it is required to have a medium with an array of regularly spaced cylindrical cavities of a specific radius large enough to cause band gaps. However one may wish to have such an inhomogeneous medium but not generate band-gaps. A mechanism to achieve this is to use the invariance principle above. By choosing annular cylinders of small initial radii, we can make a material which geometrically, one would expect to experience band gaps, but due to the inhomogeneous properties it does not. If one were to choose initial radii that are small enough, the pre-stressed material with large radii would look almost identical to a homogeneous medium. One could term this material a phononic cloak.
In figure 4 we see three different mode shapes in the cell for a stress-free (top row) and pre-stressed (bottom row) material. In the pre-stressed case we
Figure 2: Illustration of phononic equivalence. The medium on the left, consisting of a periodic array of cavities in a homogeneous medium with shear modulus µ 0 and density ρ 0 has a specific band-gap structure. The medium in the middle, consisting of a periodic array of cylindrical annuli with shear modulus µ 1 and density ρ 1 embedded in a homogeneous medium with shear modulus µ 0 and density ρ 0 , is phononically equivalent to the medium on the left when the annuli are pre-stressed with axial stretch ζ if µ 1 = ζµ 0 , ρ 1 = ζρ 0 . The equivalent material in its undeformed state is shown on the far right.
have chosen a "perfect" cloak, with R 0 = 0. such that even in the deformed configuration the properties are identical to a homogeneous material. It is particularly evident in figure 4(c) that the wave interacts significantly with the cavity in the stress-free case, but refracts around the cavity in the prestressed material.
Effective behaviour and configurable band gaps
As demonstrated, the plane-wave-expansion method determines the wave structure of the medium with any choice of linear elastic shear moduli and densities of the annulus and host phases. However, henceforth for simplicity the properties of the host and annulus are set equal, i.e. µ 1 = µ 0 and ρ 1 = ρ 0 . Before the effects of pre-stress on band-gaps are considered in any detail an important aspect is studied -the influence of the pre-stress on the effective homogenized response at low frequency.
Effective behaviour at low frequency
The effective homogenized behaviour is obtained by determining the slope of the dispersion curves near the origin. This gives the phase velocity of the wave c * and since it is known that at low frequency the effective density is given by ρ * = (1 − φ)ρ 0 (where φ is the volume fraction of cavities in the deformed configuration) the effective shear modulus is thus given by µ * = ρ * c 2 * . Of specific interest here is how the pre-stress, and consequent localized deformation within the annulus region, modifies this effective response.
We can see in figure 5 (a) how the wavespeed varies with inner radius. The solid line shows the stress-free case where we observe that the increase of the cavity radius causes the effective wavespeed to decrease. For the neoHookean (dashed) and Fung (dot-dash) models there is an increase in the effective wavespeed, whereas for the Mooney-Rivlin (dotted) model, with the parameter chosen to be S 1 = 0.6, there is almost no change in the effective wavespeed. The Fung strain energy function causes a significantly larger increase in the effective wavespeed over the entire range of radii, presumably due to the increased stiffness resulting from the exponential form of the strain energy function. This shows that the choice of strain energy function has a significant effect on the low frequency homogenized behaviour of the periodic solid. Note that neither neo-Hookean or Fung has an I 2 strain invariant dependence, which is therefore assumed to generate the rather different response of the Mooney-Rivlin medium [42] .
Band-gap tuning
We now investigate the effect of the pre-stress on the shape of the band gap with the idea of selectively activating band gaps. Although it is possible to find interesting behaviour within the Brillouin zone [41] this behaviour is not of interest to us here since only stop bands are being sought. The band diagrams of the first three modes in a number of cases are plotted in figures 6 and 8. Figure 7 shows the band-gap widths for the alternative nonlinear materials considered here. These different materials are considered in turn and are then compared.
Neo-Hookean material
Consider first the simplest strain energy function -the neo-Hookean material. Shown in figures 6(a) and 6(b) are the first three modes for the case when the annulus has an initial inner radius of R 0 = 0.3 in the stress-free configuration and the pre-stressed configuration corresponding to ζ = 1.5 (for which the deformed inner radius is r 0 = 0.357) respectively. It is clearly seen by comparing (a) and (b) that a stop band has been switched on by this inflation. Additionally, it is noted that the dispersion curves associated with the wavenumber regions between Γ and X for the third mode have become flatter, indicating that the pre-stress has induced regimes of very slow waves. In figures 6(c) and 6(d) the opposite effect is illustrated. A naturally occurring stop band in the unstressed material is switched off by lowering the internal pressure (or equivalently, applying an axial contraction) and decreasing the inner radius. In this case, the first three bands are plotted for an initial inner radius of the annulus of R 0 = 0.35 in the stress-free configuration alongside the first three bands for the pre-stressed configuration corresponding to ζ = 0.6 (for which the deformed inner radius is r 0 = 0.263). an appropriate amount of pre-stress.
Mooney-Rivlin material
Let us turn now to the effect of departure from neo-Hookean behaviour, by considering a Mooney-Rivlin material, reducing the parameter S 1 from unity, i.e. the neo-Hookean case. Figure 8 illustrates the band structure resulting from an undeformed radius of R 0 = 0.27 alongside that of an inflated cylinder, with an axial stretch of ζ = 1.3. In figure 8 (b) the curves are plotted associated with the neo-Hookean case S 1 = 1, whereas in figure 8(c) we have a Mooney-Rivlin medium with S 1 = 0.5. It is seen that even with this rather large change to the constitutive behaviour (S 1 is normally closer to unity in practice) it causes very little change in the shape of the band structure when compared to the neo-Hookean case. However, it is noted that for the same deformation a stop band is switched on in the Mooney-Rivlin case which is not present for the neo-Hookean case.
The band-gap widths for the Mooney-Rivlin material are plotted in figure 7(b) for comparison with the neo-Hookean case. In agreement with the observation from the band diagrams, the choice of a Mooney-Rivlin material increases the widths of the band gaps. Aside from that, the widths follow very similar patterns. The presence of the strain invariant I 2 can be seen to widen band-gaps in general. This is illustrated in figure 7 (d) the band-gap width is depicted for a Mooney-Rivlin material for an axial stretch of ζ = 1. 4 and various values of S 1 . The neo-Hookean case (S 1 = 1) is included for comparison. It is clear that decreasing the parameter S 1 increases the bandgap width for all values of the undeformed radius. The difference is most noticeable for small radii. For initial radii above R 0 = 0.3 there is almost no difference between having a neo-Hookean or Mooney-Rivlin material.
Fung type material
In figure 8 (d) the equivalent band diagram for a Fung material is plotted alongside the neo-Hookean and Mooney-Rivlin materials for an initial radius of R 0 = 0.27 and axial stretch ζ = 1.3. Clearly using a Fung material has a significant effect on the lowest three modes, raising them to a higher frequency. This is likely due to the Fung material stiffening up significantly when large deformations are applied.
It is interesting to note that the stop band is not present for the Fung material, due to the significant change in the band-gap shape. In particular, the frequency of the second band at point X is lower (in relation to the frequency at point M) when compared with the stress-free case. This appears to stop the band-gap opening up. Figure 7 (c) gives the band-gap width for the Fung material as a function of undeformed radius. What is most interesting is that, contrary to the other materials, inflating a cavity in a Fung material always has the effect of decreasing the width of a stop band. This appears to happen for any amount of stretch. This highlights the point that the constitutive behaviour of the chosen material is extremely important. The Fung medium can in fact be seen as an extreme case of an 'I 1 only model'. The first three bands in the stress-free configuration with inner radius R 0 = 0.2 (solid line), the stress-free configuration with inner radius R 0 = 0.3 (dotted line) and the pre-stressed onfiguration with initial inner radius R 0 = 0.2, axial stretch ζ = 1.5 and deformed inner radius R 0 = 0.3 (dashed line). This plot reveals that the pre stress has an effect which goes further than just a change in geometry.
Influence of the choice of strain energy function
The difference between the strain energy functions considered here can be understood by analyzing the inhomogeneous shear moduli. An increase in the S 1 towards unity (i.e. approaching the neo-Hookean case) accentuates the effect that the pre-stress has on the shear moduli. The neo-Hookean case is clearly the limit (in the context of the class of Mooney-Rivlin materials) at which there is maximum effect on the shear moduli, explaining why the effective wavespeed is so much higher in the neo-Hookean material. Due to the exponential nature of the Fung strain-energy function, the pre-stress has a much more significant effect on the shear moduli in comparison with the Mooney-Rivlin case. This leads to a more pronounced change in the band diagram as seen in figure 8(d) . This behaviour can be associated with the I 1 only dependence and the Fung model is clearly an extreme example of such a model, given its exponential form.
Further observations
Further to the opening of stop bands, other more general observations can be made about the band diagrams. It is interesting to note that in both figures 3(a) and 8(d) the second and third bands are touching at the wavenumber Γ. In the Fung case, these intersecting bands are separated by a significant distance before the application of the pre-stress.
A final and important observation to be made is that the effect of the pre-stress goes further than just a change in the geometry. This can be seen from figure (9) in which the band diagram is plotted for a stress-free material alongside a pre-stressed medium, where the inner radius of the former is equal to the deformed inner radius of the latter. Although the shape of the bands are similar in some regions, there are several significant differences. For example, the difference in frequency at the wavenumber Γ is large when comparing the pre-stressed and equivalent material. This disparity implies that the inhomogeneity in the shear moduli caused by the deformation has a significant effect on the band structure.
Conclusion
A new geometrical design has been proposed in order to tune the bandgap structure of a periodic elastic composite using nonlinear elastic prestress, thus permitting the design of phononic switches for antiplane elastic waves. In particular, the onset radius of the acoustic (lowest frequency) stop band has been investigated. It is found that applying an inflation inside the annulus tends to cause the stop band to switch on whereas a deflation tends to switch the band gap off. It was shown that the choice of material (via a variation of the strain energy function) has a significant influence on the size of the stop-band. The concepts of phononic invariance and phononic cloaking were also introduced, in principal enabling a range of designs of materials with specific geometries and tunable band structures.
The approach utilized here is easily extendable to other configurations and more complex geometries, and indeed it is expected that this will provide a rich variety of band-gap tuning strategies. In determining the band-gap structure the plane-wave-expansion method was modified and extended in order to deal with material coefficients that are generally inhomogeneous, not simply piecewise constant as is almost always the case in standard problems. This extension will apply analogously to the coupled two-and threedimensional elastodynamic problems, albeit with an obvious increase in complexity and system size.
Since the plane-wave-expansion method is implemented numerically, there are no restrictions on the geometries considered except for a limit on the size of the outer radius of the deformed cylinder; if the latter is too large then the cylinders get close to touching. In this case a large number of plane waves are required for convergence and although solvable, the computation becomes prohibitively slow.
The only technical constraint of the present approach is our ability to find the incremental wave equation. Work is currently under way to investigate compressible hyperelastic materials, in which case an analytical solution for the nonlinear deformation is generally not possible; hence, a nonlinear ordi-nary differential equation must be solved numerically in order to determine the deformation. This will then necessitate a numerical approach to finding the incremental inhomogenous moduli appearing in the incremental wave equation. For more complex geometries and loadings a numerical approach will also be required to determine the static deformation, associated stress fields, and incremental moduli.
